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a b s t r a c t

A three-dimensional S wave attenuation tomography of Mt. Vesuvius has been obtained with multiple
measurements of coda-normalized S-wave spectra of local small magnitude earthquakes. We used 6609
waveforms, relative to 826 volcano-tectonic earthquakes, located close to the crater axis in a depth range
between 1 and 4 km (below the sea level), recorded at seven 3-component digital seismic stations. We
adopted a two-point ray-tracing; rays were traced in an high resolution 3-D velocity model. The spatial
resolution achieved in the attenuation tomography is comparable with that of the velocity tomogra-
phy (we resolve 300 m side cubic cells). We statistically tested that the results are almost independent
from the radiation pattern. We also applied an improvement of the ordinary spectral-slope method to
both P- and S-waves, assuming that the differences between the theoretical and the experimental high
frequency spectral-slope are only due to the attenuation effects. Consequently we could check the coda-
normalization method also comparing the S attenuation image with the P attenuation image. The images
were obtained inverting the spectral data with a multiple resolution approach. Results have shown the
general coincidence of low attenuation with high velocity zones. The joint interpretation of velocity and

attenuation images allows us to interpret the low attenuation zone intruding toward the surface until a
depth of 500 m below the sea level as related to the residual part of solidified magma from the last erup-
tion. In the depth range between −700 and −2300 images are consistent with the presence of multiple
acquifer layers. No evidence of magma patches greater than the minimum cell dimension (300 m) has
been found. A shallow P wave attenuation anomaly (beneath the southern flank of the volcano) is con-
sitent with the presence of gas saturated rocks. The zone characterized by the maximum seismic energy
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. Introduction

The knowledge of the internal structure of the volcanoes rep-
esents a crucial task to properly constrain the physical models
f eruption. Passive tomography is one of the easiest and cheap-
st way to achieve this goal and is consequently widely applied
or the study of volcano structures at several depths (Chouet,
996).

There are two main factors limiting the maximum resolution
hat can be obtained in passive methods: the ray coverage and
he wavelength of the waveforms from which the observables are
etrieved. The first factor is linked to the station density and the

ource space distribution. The second is directly associated with
he kind of events that are used as input. For a local tomography on
volcano with a volume of the order of 10 km of linear dimensions,

ocal VT earthquakes, with their associate wavelengths that ordi-
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attenuation and low velocity volume, interpreted as a cracked medium.
© 2008 Elsevier B.V. All rights reserved.

ary span from some kilometers to hundreds of meters (Chouet,
003) are a suitable input. Generally the smallest wavelength char-
cterizes the minimum cell size, and this can be considered as the
humb rule for this constraint. Moreover, to reach this minimum
ell size, one needs a suitable source space distribution (sources
s much as possible uniformly distributed in the volume, and an
s dense as possible network of receivers). In a configuration typ-
cal of an up-to-date seismic network, an order of resolution of
00 m can be reached only in the volume cells with a sufficient
ay coverage (Chouet, 1996). This leads to the solution of a mixed-
etermined problem, with an highly overdetermined system of
quations correspondent to the cells with a redundant number
f rays crossing through, and an equal- or lower-determined sys-
em for the other cells. A way to optimize the problem is to use
n approach with a non uniform cell size, that maintains a suffi-
ient over-determination in any cell, but reaches a good resolution

nly in the parts of the investigated volume characterized by the
aximum ray coverage. This kind of approach is typically named as
ulti-step or multiple-resolution method (see Bai and Greenhalgh,

005, for an example of travel time multi-step tomography on a
olcano).

http://www.sciencedirect.com/science/journal/00319201
http://www.elsevier.com/locate/pepi
mailto:delpezzo@ov.ingv.it
dx.doi.org/10.1016/j.pepi.2008.10.015
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Table 1

Station E–W (UTM) N–S (UTM) Altitude (a.s.l.) (m)

BAFM 450,372 4,518,076 594
BKEM 452,677 4,518,762 850
BKNM 451,875 4,520,020 865
FTCM 452,692 4,516,337 350
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The attenuation of elastic waves depends strongly on a num-
er of factors affecting the lithology, the most important of which
re probably the temperature and the presence of fractures and
ydrothermal or magmatic fluids. Attenuation is quantified by the
uality factor, Q, defined as the ratio between the energy lost by a
ave cycle and the energy of the cycle itself; equivalently, attenua-

ion can be defined through the attenuation coefficient ˛ = �fr/vQ
hat accounts for the damping of the wave amplitude, A, as a func-
ion of distance, r and frequency, f. This factor may greatly vary for
ocks with the same composition but different degree of fracturing
nd/or temperature. The response of the rocks to the propagation of
ongitudinal and shear waves is different; the independent deter-

ination of the quality factors for longitudinal (Qp) and shear (Qs)
aves, critical parameters for the characterization of the physical

tate of the rocks within a volcano, aims at discriminating between
elt fluids and gases residing at shallow depths in the earth’s crust.

or this purpose, a comparative study of velocity and attenuation
omography can be critical (Hansen et al., 2004).

A phenomenon that intensely affects the wave propagation in
olcanic areas is the scattering process, which tends to transfer the
igh-frequency energy of direct P and S waves into the coda of the
eismograms (Sato and Fehler, 1998). Scattering is produced by the
nteraction of the wavefield with the small scale heterogeneities
n the elastic parameters, as, for example, those associated with
ntense rock fracturing. The average attenuation caused by scatter-
ng, can be studied independently from the one caused by intrinsic
ttenuation, separating the two different types of losses (Bianco et
l., 1999). Results on volcanoes show that, for frequencies higher
han 10 Hz, scattering attenuation is more important than intrinsic
ttenuation (Del Pezzo et al., 2006a). For a comprehensive summary
f results from attenuation measurements by a range of methods,
t varying frequency, on different scales and in different geological
ettings the reader is referred to Sato and Fehler (1998).

Unfortunately, for the single path estimates (necessary for
omography) of the attenuation coefficient, the separation between
he two kinds of contribution (scattering and intrinsic) is practi-
ally impossible. Consequently, in the attenuation tomography, the
arameter obtained by the inversion is the total-Q or the correspon-
ent attenuation coefficient.

This paper is aimed at giving an image of the shallow crust
aterials at Mt. Vesuvius volcanic area using shear wave atten-

ation tomography at high frequency (in the range between 10
nd 20 Hz), solved with a multi-resolution method with a mini-
um cell (the greatest available resolution) of 300 m. Observables

total-Q inverse for each single path) are obtained using the coda-
ormalization method (Aki, 1980), and checked with the ordinary
pectral-slope method. Spectral slope is used also to estimate P-
ave total Q-inverse. Attenuation images are eventually compared
ith high resolution passive velocity tomography (the same mini-
um cell size, Scarpa et al., 2002). The images obtained with this
ethod are also compared with those obtained at a resolution of

00 m in a previous study of the same area, carried out using a sub-
et of the present data set (Del Pezzo et al., 2006b). We will show
hat the low attenuation zone located under the crater is coinci-
ent with a high velocity volume, possibly associated with residual
rozen magma from the last eruptions; and that a high attenuation
olume at 1–2 km of depth is coincident with a low velocity zone.
his is interpreted as the aquifer permeating the shallow structure
f Mt. Vesuvius.
. Geological and seismological settings

Mt. Vesuvius is a stratovolcano formed by an ancient caldera (Mt.
omma) and by a younger volcanic cone (Mt. Vesuvius). The vol-

n
g
A
a
o

VO 449,190 4,519,705 600
OLM 447,910 4,522,499 181
GVM 450,568 4,518,706 734

anic activity is dated back to 300–500 ky (Santacroce, 1987) and
haracterized by both effusive and explosive regimes (Andronico
t al., 1995). The volcanic complex is located in the Campania plain
southern Italy) at the intersection of two main fault systems ori-
nted NNW–SSE and NE–SW (Bianco et al., 1997). The last eruption,
n March 1944, was effusive (Berrino et al., 1993). It may have
tarted a new obstructed conduct phase and hence a quiescent
tage.

The seismic activity is actually the unique indicator of the inter-
al dynamics (see e.g. De Natale et al., 1998). Seismicity studies
re of extreme importance for the high risk volcanic area of Mt.
esuvius. As an overall, the seismicity of Mt. Vesuvius is charac-

erized by a mean rate of approximately 300 events per year. The
argest earthquake in the area (reasonably since the last eruption –
944 – see Del Pezzo et al., 2004) occurred in 1999, and has been
ssociated with regional and local stress fields (Bianco et al., 1997).
he main features of the earthquake space and time distribution
re described in the papers by Scarpa et al. (2002), hereafter cited
s SCA02, and Del Pezzo et al. (2004). In the study of SCA02 the
elocated seismicity appears to extend down to 5 km below the
entral crater, with most of the energy (up to local magnitude 3.6)
lustered in a volume spanning 2 km in depth, positioned at the
order between the limestone basement and the volcanic edifice.
he hypocentral locations for the data used in the present article
how the same pattern of the overall seismicity (Fig. 1).

The earthquakes recorded at Mt. Vesuvius are mostly of volcano-
ectonic type (VT), with fault-plane orientations, showing an highly
on-regular spatial pattern. The spectral content of the P- and
-wave trains of the VT events is compatible with stress drops
panning a range between 1 and 100 bars (100 bars for the largest
agnitude) and focal dimensions of the order of 100 m (Del Pezzo

t al., 2004).
The velocity structure beneath Mt. Vesuvius, in the depth range

rom the Earth surface to 10 km, has been deduced by seismic
omography. Auger et al. (2001) suggest the presence of a melt-
ng zone at a depth of about 8 km, on the base of the TOMOVES
xperiment results (see the book by Capuano et al., 2003 and the
umerous references therein). At smaller scale, between the topo-
raphical surface and 5 km of depth, SCA02 evidence a low velocity
ontrast between 1 and 2 km, possibly associated with the presence
f aquifers. No shallow and small magma chambers are visible at
he resolution scale reached by SCA02.

. Data selection

In the present work we utilized a total number of 6609 wave-
orms, obtained from a selection of 826 earthquakes recorded from
anuary 1996 to June 2000 at seven 3-component stations that are
he analogical station OVO (66 dB dynamic range, three compo-

ent) sampled at 100 s.p.s. and 6 digital, high dynamic (120 dB,
ain ranging), 1 Hz, seismic stations sampled at 125 s.p.s. (Table 1).
nalog anti-aliasing filter with 25 Hz cut-off frequency operated on
ll the data logger prior to sampling. Data selection has been made
n the base of the following pre-requisites: the best signal to noise
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Fig. 1. Lower-left panel: Map of Mt. Vesuvius with station positions (black squares) and hypocentral locations (white dots) of the seismic events used in the present work.
Black broken line depicts the old caldera rim. Upper-left and upper-right panels represent respectively the W–E and S–N sections, also reported as “W–E plane” and “S–N
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lane” in the lower-right “wide angle” view. The high resolution region (HRR) is rou
n the upper left, upper right and lower left panels represent the sections of the HRR
re reported respectively in Tables 4 and 5. The ellipsoidal zone marked with 3 show

atio, the absence of spikes and other disturbances in the wave-
orms, a minimum coda duration (from origin time) of 15 s and the
bsence of secondary events in the early coda. In doing this selec-
ion we implicitly restricted the earthquake magnitude in the range
rom 1.6 to 3.0, because small aftershocks are often present in the
oda of larger events. Location of the 826 earthquakes (Fig. 1) was
btained using P-picking of all the available seismic stations consti-
uting the monitoring network (www.ov.ingv.it) with a non linear
rocedure based on a grid-search algorithm (Lomax et al., 2001);
ay-tracing was calculated using the 3-D velocity model obtained
y SCA02.

. Methods

.1. Ray tracing

We used a Thurber-modified approach (Block, 1991) to trace
he path of each ray in the 3-D velocity structure of Mt. Vesu-
ius obtained by SCA02. This is an extension of the approximate
ay-bending method (Um and Thurber, 1987) that works well in
elocity structures characterized by fairly sharp velocity variations,
ike that of Mt. Vesuvius. The only limitation is that the method

oes not compute reflected ray paths, that anyway are not taken

nto account in the present work. After dividing the whole struc-
ure to be investigated in three different grids (respectively with
800, 900 and 300 m cubic cell size) we stored in a database the
ength of each ray, connecting each source to each receiver, and the

T
i

d

depicted by the inner polyhedron in the wide angle view. The solid line rectangles
zones marked with 1 and 2 represent the zone in which the robustness test results
area with the maximum seismic energy release.

ength of the ray-segments crossing each cell. This database is nec-
ssary for the multiple-resolution inversion approach, as discussed
ater.

.2. Single-path attenuation with the coda-normalization (CN)
ethod

The CN method is widely used to retrieve attenuation param-
ters independently of the site and instrumental transfer function
Aki, 1980; Sato and Fehler, 1998). Del Pezzo et al. (2006b) used
his approach for the estimation of single path total Q-inverse to

ap the S-wave attenuation structure in Mt. Vesuvius area, using
subdivision of the investigation volume in cubic cell of 900 m

n a single-scale approach. Even though the method used to esti-
ate the single path inverse total-Q has been already described

nd discussed in Del Pezzo et al. (2006b), we report in Appendix A
synthesis for sake of completeness.

Our reference equation (see Appendixes A and B for any detail)
s

Eij(f, r)

EC (f, t)
r2
ij = 1

P(f, tc)
exp

[
−2�f

∫
rij

dl

v(l)Q ij
T (l)

]
(1)
aking logs of both sides of Eq. (1) and approximating the line
ntegral with a sum, we can write

C
k = 1

2�f
ln
(

1
P(f, tc)

)
−

N cells∑
b=1

lkbsbQ−1
b

(2)

http://www.ov.ingv.it
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here dC
k

represents the log of energy spectral ratio between S
nd coda pre-multiplied for the squared ray-length and divided
or 2�f . N cells is the total number of blocks crossed by the ray, lkb

s the length of the k th ray-segment intersecting the b th block
haracterized by slowness sb and inverse quality factor Q−1

b
. In this

ormulation we use the suffix k to indicate the k th ray of the suite
f rays connecting stations to sources. Eq. (2) can be rewritten
eparating Q−1

b
into an average Q−1

b
,〈Q−1

b
〉, that we assume to be

qual to the average quality factor for the whole area (Q−1
T ), and an

ncremental �Q−1
b

. It results

˜C
k =

N cells∑
b=1

lkbsb�Q−1
b

(3)

here

˜C
k = 1

2�f
ln
(

1
P(f, tc)

)
− dC

k − Q−1
T

N cells∑
b=1

lkbsb (4)

q. (3) represents a linear system of N k equations in N cells
nknowns that can be inverted, as discussed in the next
hapters.

.3. The estimate of the observables with the CN method

Prior to the application of the CN method we checked the tem-
oral stability of the S-wave time window for the radiation pattern
ffect, as widely described in Appendix B. Accordingly, we set the
uration of the S-wave time window at 2.5 s starting from the S-
ave arrival time. Coda signal time window starts at 8 s lapse time

nd ends at 12 s, since most of our data show a favorable signal-
o-noise ratio (> 3) for lapse time smaller than 12 s. A discrete
ourier transform (DFT) is applied to the signals after window-
ng (we used a cosine taper window with tapering at 10% both
or S and coda) for both the horizontal components of the ground

otion. We calculate the S spectral amplitude averaged in the fre-
uency bands centered at the values of frequency, fc , reported in
able 2, with bandwidths (±�f ), and finally log-averaged over
he components; we thus obtain the ratio between the S-wave
pectrum and the coda spectrum. The natural logarithm of this
atio estimates dC

k
of formula (4). The constant in Eq. (2) has been

lready estimated by Del Pezzo et al. (2006b) for the area under
tudy.

.4. The slope-decay (SD) method

The validity of the CN method is tested using a version of the
o called slope decay method, which has been widely used to
stimate the attenuation coefficient in many regions of the world
Nava et al., 1999; Giampiccolo et al., 2003; Gudmundsson et al.,
004).

As well known, the amplitude spectral density for S and P waves
or frequencies higher than the corner frequency can be expressed

s the product of source, path and site effects as

HF
ij (f, r) = SA

i (f )Ij(f )Tj(f )Gij(r) exp

(
−�f

tij(r)

Q ij
T (r)

)
(5)

able 2

�f fc (Hz) +�f

.2 12 15.8
2.4 18 23.6

fi

d

w

d

T
c
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here AHF (f, r) is the high-frequency spectral amplitude of the P-
r S-wave radiation emitted by the source i at total distance r mea-
ured along the source (i)-station (j) ray-path; f is the frequency;
A
i

(f ) is the amplitude spectrum at source; Ij is the instrument
ransfer function; Tj is the site transfer function and G is the geo-

etrical spreading term; tij is the travel time along the ray of length

and Q ij
T is the total quality factor measured along the ray-path.

n the present formulation we assume that the high frequency
mplitude spectrum at the source can be described by a function
A
i

= constif
−� , � being a constant for the whole set of data utilized.

aking the natural logarithm and making the derivative of the Eq.
5) respect to frequency, f, it can be written for each ray-path:

f (ln AHF
ij ) = Df (ln SA

i ) − �
tij(r)

Q ij
T (r)

(6)

here Df is the symbol of derivative. In obtaining formula (6) we
ssumed the independence of frequency for the site and instru-
ent transfer function. The independence of frequency for the site

erm has been confirmed by Galluzzo et al. (2005) who studied the
ite transfer function at Mt. Vesuvius. The transfer function of the
nstruments is flat with frequency in the whole frequency range
nvestigated. Transforming the couple of indexes i j in a single inte-
er k associated with the single ray, as in the previous section, we
an write

f (ln AHF
k ) = Df (ln SA

i ) − �
tk(r)

Q k
T (r)

(7)

veraging the left hand quantity of the above equation over the rays
onsidered (k index) we obtain

Df (ln AHF
k )〉

k
= D0

f (ln AHF ) =
〈

Df (ln SA
i ) − �

tk(r)

Q k
T (r)

〉
k

= D0
f (ln SA) − �

〈
t(r)

QT (r)

〉
k

(8)

0
f
(ln SA) results to be the same of Df (ln SA

i
) (the average of the

ource spectral derivative equals the spectral derivative for the sin-
le event), so that we can write

f (ln AHF
k ) − D0

f (ln AHF )=̃�

(〈
t(r)

QT (r)

〉
k

− tk(r)

Q k
T (r)

)
(9)

ndicating with dD the quantity:

D
k = 1

�
[Df (ln AHF

k ) − D0
f (ln AHF )] (10)

nd expressing the right hand side of Eq. (9) as already done in Eq.
1) we obtain

D
k =
〈

t(r)
QT (r)

〉
k

−
N cells∑

b=1

lkbsbQ−1
b

(11)

here the index k is referred to the k th ray.
Making the same assumption that leads to formula (3), we can

nally write

˜D
k =

N cells∑
b=1

lkbsb�Q−1
b

(12)

here〈 〉 N cells
˜D
k = tk

Qk
− dD

k − Q−1
T

∑
b=1

lkbsb (13)

he inversion schemes (3) and (12) are formally identical, apart the
onstant values.
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.5. The estimate of the observables with the SD method

Direct S spectral amplitudes were obtained in the frequency
and centered at fc = 18 Hz, with the same bandwidth used for the
N method (Table 2). The use of only this central frequency value is

ustified by the spectral features of the seismicity at Vesuvius like
roadly discussed in Del Pezzo et al. (2006b). We applied a DFT to
indowed signals of length 2.5 s starting from the direct S travel

ime for both W–E and S–N components of the ground motion; then
e log-averaged the spectra over the components.

We applied the SD method both to direct S waves and to direct
waves. Spectral amplitude for P waves was calculated in a time
indow starting from the P-wave onset and ending at 0.1 s before

he S-wave picking, tapering each spectrum with a 10% cosine taper
unction.

The derivative was carried out for both S and P log-spectra in
he frequency band starting from corner frequency (around 10 Hz
or the whole set of data) and ending at 23 Hz (before the cut-
ff frequency of the anti-alias filter that was set up at 25 Hz). The
erivative was computed using MATLAB “diffnew” routine.

. Multi-resolution inversion

The resolution of the methods depends both on the wavelength
which has to be smaller than the cell size) and on the number
f rays which sample the single cell. A frequency fc = 12 Hz corre-
ponds to a wavelength of about 200 m for S waves. For P waves
examined at 18 Hz only) the corresponding wavelength is of the
rder of 150 m. Taking a cell size of 300 m we observe that the
locks bordering the volume of investigation are crossed by a num-
er of rays insufficient to ensure stability in the final solution, due to
he distribution of the sources, concentrated along the crater axis
nd not uniformly distributed in space and depth inside the vol-
me under investigation. This is the reason why we cannot invert
he whole data set using a uniform resolution of 300 m. Conse-
uently, we seek for solutions that can represent images in cells
ith a non-uniform size, as other researchers do in velocity tomog-

aphy (Thurber, 1987; Sambridge and Gudmundsson, 1998). In this
pproach, a relatively high-resolution can be obtained in a target
rea with a good ray coverage (this avoids linear dependence among
he system equations). To perform this task we use an iterative
nversion scheme (Thurber, 1987; Eberhart-Phillips, 1990), in which

e employ the results obtained in a lower resolution (LRR) as input
or highest resolution (HRR). Bai and Greenhalgh (2005) describe
n inversion scheme of this kind, applied to velocity tomography.
ur inversion scheme is different from those above cited and will
e described in the following points.

1) The observables are calculated (both for the CN method and the
SD method we apply the same inversion procedure) as above
described.

2) The attenuation factor averaged over the whole volume under
study, Q−1

T , is estimated with the CN method. It results in a really
good agreement with that estimated by the previous works in
the same area (Bianco et al., 1999; Del Pezzo et al., 2006a).

3) The problem of Eq. (3) and (12) is solved for a volume divided in
cubic blocks of 1800 m side, using a positivity constraint. Then,
each 1800 m side block is divided in 8 blocks of 900 m side,
and the inverse quality factors thus calculated, (Q−1

b
)
1800

, are

assigned to each of this cubes.

4) The problem is solved for the 900 m cell size resolution, taking
into consideration that each ray is characterized by the atten-
uation factor, which has been obtained by the solution of the

previous step. In this way we obtain the new quantity (�Q−1
b

)
900

,

i
i
t
8
h
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which represents the variation from the inverse quality factor
(Q−1)

1800
assigned to the 900 m block in the previous step. We

divide as before each 900 m block in 27 blocks of 300 m side,
assigning to each of them the inverse quality factor (Q−1

b
)
900

.

Also for this step we use a positivity constraint on the (Q−1
b

)
900

.
5) Finally we solve the problem for a 300 m side cell resolution,

obtaining (�Q−1
b

)
300

.

It is noteworthy that, whereas the data vectors and the coeffi-
ient matrices need to be recalculated at each scale, the inversion
roblem is always formally the same and is given by Eqs. (3) and
12). The details regarding how the data vectors and coefficient

atrices are upgraded at each scale are reported in Appendix C.
t is also important to note that, at each step, we accept the solu-
ions for the blocks in which the number of ray-segments, nR, is
iven by

R ≥ 2Block side
�

(14)

his empirically determined threshold would ensure, in the
ssumption that the directions of ray-segments are randomly
istributed in each block, that each block is homogeneously
ampled.

. Robustness, stability, checkerboard and synthetic
nomaly tests

.1. Robustness

The robustness of the method is tested using a bootstrap
pproach, reducing randomly the number of available equations
rays). We applied this test to all the blocks at each cell size. The
olutions for blocks of 1800 m side were obtained for progressive
eductions of the equations used to solve the inverse problem (see
ppendix C, formula (21)); at each step we measured the quantity:

= Qb(0) − Qb(%)
Qb(0)

× 100 (15)

here Qb(%) is the quality factor of the block b obtained for the
educed data set, whereas Qb(0) is the solution obtained using the
hole database. We repeated the inversion 100 times for each data

eduction, measuring then the average percentage. We observed
n most of the cases a significant increase of the percentage for a
eduction of more then 40% of the data-set. The results for all the
locks of 1800 m side solved are reported in Table 3.

We repeated the same procedure for each scale, i.e. we mea-
ured the quantity P of formula (15) for all the 900 m side
locks. We obtain a significant change in the value of P and a
ignificant reduction of the average blocks resolved, for a ran-
om extraction of more than 40% of data. For sake of synthesis
e report in Table 4 the results obtained for 8 blocks contained

n a single 1800-side block which resulted to be characterized by
Q 1800

b
)
−1 = 0.0128; its position is shown in the upper panels of

ig. 1 using the light grey square evidenced by number 2. The
esults for the other 900 m side blocks solved by the inversion are
imilar.

Finally, we compared the variations of P calculated with Eq. (15)
or all the 300 m side blocks, observing both a significant change

n the value of the parameter models and a significant reduction
n the average number of blocks resolved, for the random extrac-
ion of more than 20% of data. We report in Table 5 a selection of

blocks of 300 m contained in the singular block of 900 m side
aving (Q 900

b
)
−1 = 0.011 (the position of the 900 m block is shown
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Table 3
Robustness test—1800 m.

Block# 1 2 3 4 5 6 7 8 9 10 11 12

P1800, 10% 1% 0% 0% 13% 7% 4% 0% 0.1% 0% 0% 0% 3%
P1800, 20% 1% 0% 2% 29% 9% 11% 17% 1% 0% 0% 0% 3%
P1800, 30% 2% 1% 3% 28% 9% 9% 50% 0.3% 0% 0% 0% 2%
P1800, 40% 3% 3% 10% 29% 8% 16% 87% 2% 1% 0% 0% 8%
P1800, 50% 6% 2% 11% 62% 20% 25% 87% 3% 1% 0% 0% 9%

Robustness test at the lowest resolution; the average percentage of Eq. (15) is represented for all the blocks resolved. The increasing percentage in the first column is the data
reduction.

Table 4
Robustness test—900 m.

Block# 1 2 3 4 5 6 7 8

P900, 10% 1% 15% 2% 1% 10% 1% 31% 1%
P900, 20% 1% 13% 15% 1% 12% 8% > 100% 1%
P900, 30% 1% 21% 15% 1% 16% 9% > 100% 1%
P900, 40% 2% 53% 29% 2% 30% 7% > 100% 2%
P900, 50% 2% 58% 72% 2% 40% 11% > 100% 2%

Robustness test at the intermediate resolution; the average percentage of Eq. (15) is represented for the 8 blocks in which the single 1800 m side block of (Q 1800
b

)
−1 = 0.0128

which includes the cone was divided. The increasing percentage in the first column is the data reduction.

Table 5
Robustness test—300 m.

Block# 1 2 3 4 5 6 7 8

P300, 10% 12% 16% 21% 59% 30% 5% 1% 14%
P300, 20% 37% 90% 54% 99% 17% 48% 90% 70%
P > 100
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obustness test at the highest resolution; the average percentage of Eq. (15) is rep
ncreasing percentage in the first column is the data reduction.

n the upper panels of Fig. 1 using the dark grey square evidenced
y number 1).

.2. Stability

The stability of the method is checked by changing the value
f the constants in formulas (4) and (13). In formula (4) we let g0
o vary between the values of gmin = 1 and gmax = 2.5 that repre-
ent the error limits of the average g as reported in Del Pezzo et
l. (2006a). In formula (13) we let 〈(tk/Qk)〉 to vary in the interval
−3� + 〈(tk/Qk)〉, +3� + 〈(tk/Qk)〉]. The results do not change sig-
ificantly. In both (4) and (13) we let Q−1

T to vary in the interval
−3� + Q−1

T , +3� + Q−1
T ]

For the resolution of 1800 m the variations of each parameter
odel obtained for the extreme values are reported in Table 6.
For the intermediate resolution (900 m) we repeat the same

rocedure setting maximum and minimum values of (Q 1800)
−1

and
−1
T sampled in their confidence interval (3�). The 8 blocks consid-

red in Table 7 are the same of Table 4.

For the maximum available resolution (300 m), using the results
btained changing the values of Q−1

T , (Q 1800
b

)
−1

and (Q 900
b

)
−1

in
heir confidence interval, we obtain the results shown in Table 8
or the 8 blocks considered in Table 5.

s
t
i
r
o

able 6
tability test—1800 m.

lock# 1 2 3 4

(Q 1800)−1] × 10−2 1.98 1.79 1.50 2.44

(Q 1800)−1] × 10−2, (Q min
T

)
−1

1.83 1.67 1.72 1.84
(Q 1800)−1] × 10−2, (Q max

T
)−1 1.88 1.69 1.10 2.88

tability test at the lowest resolution; the value of the inverse quality factor of each r

(Q min
T

)
−1 = 0.008) average inverse quality factor allowed.
% 69% > 100% 98% > 100%

ted for 8 blocks contained in a single 900 m side block of (Q 900
b

)
−1 = 0.0110. The

.3. Checkerboard inside the HRR

Our results have been tested imposing an a priori attenuation
tructure to the area: we assumed an homogeneous medium in the
RR and a checkerboard distribution of the quality factors in the
olume where the HRR is located, resolving only the blocks crossed
y at least 5 rays per block, following Eq. (14). Using the CN method
e calculated the true spectral ratios and added to these values a
aussian random error calculated with a random number generator
ith zero mean and 10% sigma.

The synthetic structure results to be extremely well resolved in
he central part, whereas the quality of the reproduction of the input
alues decreases toward the borders of the volume under investi-
ation. The checkerboard test results (Figs. 2 and 3) are shown both
or the W–E and S–N sections already shown in Fig. 1, and for five
orizontal slices in the depth range between −500 and −3500 m.

In Fig. 2 it can be noticed that the input checkerboard structure
W–E and S–N sections in panel a) is well reproduced everywhere
xcept in a small area toward N–E, corresponding to the geological

tructure of Mt. Somma (the same sections in panel b); this is due to
he lack of seismic sensors in this area. The negative variations in the
nverse quality factors under −3000 m sometimes explode, always
econstructing well the zones with low Q−1

S . In Fig. 3 the five panels
n the left present five horizontal sections of the volume contain-

5 6 7 8 9 12

1.28 1.37 0.92 2.86 0.51 3.16

1.28 1.43 1.15 2.72 0.49 3.21
1.11 1.08 0.54 2.74 0.40 2.81

esolved block is dependent on the maximum ((Q max
T

)−1 = 0.026) and minimum
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Table 7
Stability test—900 m.

Block# 1 2 3 4 5 6 7 8

[(Q 900)−1] × 10−2 1.79 0.52 0.96 1.79 2.75 1.64 0 1.79

[(Q 900)−1] × 10−2, (Q min
T

)
−1

, (Q 1800
bmin

)
−1

1.88 0.46 1.12 1.88 2.36 1.77 0 1.88

[(Q 900)−1] × 10−2, (Q max
T

)−1, (Q 1800
bmax

)
−1

1.67 0.58 0.80

Stability test at the intermediate resolution; the value of each inverse quality factor is both

average inverse quality factor and the maximum ((Q 1800
bmax

)
−1 = 0.0188) and minimum ((Q 1

b

Fig. 2. Checkerboard test in the HRR. (a) Input. W–E and S–N sections (also marked
in Fig. 1, lower right panel); the white lines include all the maximum resolution
cells defined by formula (14). In this volume we assumed a checkerboard structure,
with high Q-contrast among the blocks; a uniform attenuation medium is assumed
outside HRR. (b) Output. Test results for a 10% error on synthetic data. The zones
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arked by the white broken lines include the cells where the checkerboard structure
s effectively reproduced. �Q−1

S
grey scales represent the variation from the average

uality factor.

ng the input checkerboard structure, imaging the HRR (see also
ig. 1, downward left panel); the good resolution achievable by the
ethod used is evident in the volume constrained between 0 and

2700 m (right panels of the same figure). At Z = −3500 m, the vol-
me resolved at the maximum resolution heavily decreases. Both

n Figs. 2 and 3 we marked with a white broken line the effective
RR obtained using this test.

a
b
s

able 8
tability test—300 m.

lock# 1 2

(Q 300)−1] × 10−2 5.61 1.78

(Q 300)−1] × 10−2, (QTmin)−1, (Q 1800
bmin

)
−1

, (Q 900
bmin

)
−1

2.59 1.76

(Q 300)−1] × 10−2, (QTmax)−1, (Q 1800
bmax

)
−1

, (Q 900
bmin

)
−1

6.91 1.99

tability test at the highest resolution; the value of each inverse quality factor is both d

verage inverse quality factor. It is also dependent on the maximum ((Q 1800
bmax

)
−1 = 0.0188,

uality factor of the blocks in which they are contained.
1.67 3.14 1.51 0 1.67

dependent on the maximum ((Q max
T

)−1 = 0.026) and minimum ((Q min
T

)
−1 = 0.008)

800
min

)
−1 = 0.0167) inverse quality factor of the block in which they are contained.

.4. Synthetic anomaly

Following Schurr et al. (2003) we performed a second test using
ynthetic data by tracing rays through the real 3-D VS model, try-
ng to check the effective availability of the results which will be
iscussed in the following chapter. This test presents a Q−1

S model
reated using anomalies comparable in size to those observed using
he real data-set (W–E and S–N sections in Fig. 4, panel a) but with
lightly different geometries. A 10% normally distributed error was
pplied to the spectral ratios. The test shows that the anomalies
re generally well recovered between the surface and −3000 m
W–E and S–N sections in Fig. 4, panel b), even if their dimensions
re comparable with the maximum resolution achievable. In the
epth range between −3000 and −4500 m the reproduction of
−1
S anomalies of the order of maximum resolution is more diffi-
ult; that results are consistent with the ones of the checkerboard
est (Fig. 3, Z = −3500 m); however we will be able to treat this
egion at a resolution of 900 m thanks to our new data-set.

. Results

Using the present multi-resolution method, we obtained the
ttenuation structure under Mt. Vesuvius in two frequency bands
Table 2), respectively centered at 12 and 18 Hz. The images have a
esolution of 300 m in the sub-volumes with a higher ray coverage
arked in Figs. 2 and 3 with a white broken line. All the results

btained are shown in Figs. 5–7. All the depths (negative down-
ard), are calculated respect to the sea level. In Figs. 6 and 7 the

mages relative to the velocity tomography (SCA02) are also shown.
he present database is a subset of the database used in the velocity
omography.

In Fig. 5 the results of S-wave attenuation imaging obtained with
oth CN and SD are reported for sake of comparison.

Using CN technique, an estimate of the variation of the S-wave
nverse total-Q respect to their mean was obtained for the two
requency bands (12 and 18 Hz), where the signal to noise ratio
alue resulted sufficiently high for this analysis (see Del Pezzo et
l., 2006b). These images are reproduced in panels a and b of Fig. 5.
sing SD technique a unique image at 18 Hz was obtained (panel
Figures shown in panels a and b are very similar except for
n higher attenuation zone (turquoise) located in a depth range
etween −2500 and −3500 m centered at 452,000 onto the W–E
ection, visible in panel b.

3 4 5 6 7 8

1.91 0.39 1.44 0 2.26 0

1.34 0.05 1.29 0 2.60 0

2.01 1.59 1.32 0 1.34 0

ependent on the maximum ((Q max
T

)−1 = 0.026) and minimum ((Q min
T

)
−1 = 0.008)

(Q 900
bmax

)
−1 = 0.0177) and minimum ((Q 1800

bmin
)
−1 = 0.0167, (Q 900

bmin
)
−1 = 0.0151) inverse
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Fig. 3. Left hand panels. Five horizontal slices at different depths (Z value respect
to the sea level) of the volume containing the HRR. The white lines include all the
maximum resolution cells defined by formula (14). The sections represent the input
checkerboard structure also described in Fig. 3, with the same colorscale. Right hand
panels. The figures represent the test output; the zones marked by the white broken
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quadrant (corresponding at surface with the geological structure
ines include the cells where the checkerboard structure is effectively reproduced;
he zones marked by the white broken lines include the cells where the checkerboard
tructure is effectively reproduced.

Comparing panels (b) and (c), we notice that in the HRR the
mages are similar. Outside the HRR slight differences between
he two images appear in the W–E section, at a depth of 1000 m
etween coordinates 453,000 and 454,000. In this region CN
ethod (panel b) gives a high attenuation contrast zone whereas

he contrary occurs for SD method (panel c). The SD method pro-
uces in general a less uniform image respect to the CN method.

Fig. 6, panel (a) reports the W–E and S–N sections of the S-wave
ttenuation images at 18 Hz (hereafter we will always refer to the
N method); in the same figure the S-wave velocity (panel b), P-
ave attenuation (panel c) and P-wave velocity (panel d) for the
–E and S–N sections are also represented. VP/VS ratio as a func-

ion of depth (calculated as an average over the slices at different

epth) is superimposed to all the figures. The color scale in pan-
ls (a) and (c) represents the variation of the inverse quality factor
espect to the mean S- or P-wave attenuation; the color scale of
anels (b) and (d) represents the absolute S- and P-wave velocity.

o
b
i
f

lanetary Interiors 173 (2009) 17–32

Fig. 7 represents five image slices at the depths
500, −1000, −2000, −2700 and −3500 m. Color scales represent

he differences respect to the average S-wave velocity (first col-
mn), S-wave attenuation (second column), P-wave velocity (third
olumn) and P-wave attenuation (fourth column) calculated for
ach slice. This quantities follow the behavior of the absolute P-
nd S-waves velocities and attenuations (in the discussion we will
ot make any difference between the absolute quantity and the
ariation respect to the mean), but they highlight more properly
he lateral variation of this quantities.

. Discussion

The HRR is localized essentially under the central part of the
one till to a depth of 3.5 km (see Figs. 2 and 3). In this zone we
ave thus an S-wave attenuation image with a resolution improved
espect to that obtained by Del Pezzo et al. (2006b) using a single
cale approach. Laterally, the resolution becomes lower due to the
tation density, which is not comparable with the cell dimension
for a wider discussion on station density and resolution see Bai
nd Greenhalgh, 2005).

.1. Frequency dependence of the S-wave attenuation

Results described in (Del Pezzo et al., 2006b) were confirmed;
he results obtained using the present multi scale approach show
etter resolved images. In general, the 3-D attenuation pattern
hows a Q which clearly increases with depth in the 12 and 18 Hz
requency band(Fig. 5, panels a and b), showing clearly visible
ttenuation contrasts localized along the borders of already known
tructures (see e.g. SCA02) like the carbonate basement, well visi-
le at the maximum resolution in the Q−1

S , Q−1
P , VS and Vp images

t −1500 m (see Fig. 6, all panels). In the HRR the independence
f attenuation from frequency is confirmed in the frequency range
etween 12 and 18 Hz. Looking carefully at the (a) and (b) panels
f Fig. 5 it is noteworthy the relative contrast localized approxi-
ately east of the central cone between −2500 and −3000 m. The

ynthetic test shown in Fig. 4 clearly represent the damping of low
ariation in �Q−1 at the maximum resolution in this depth range,
ut the anomaly has clearly a size bigger than 300 m. This contrast

s not evident in panel (b) for the 12 Hz image, and this is possi-
ly due to the different linear dimensions of the anomalous region
ampled by the different wavelength.

.2. Comparison between CN and SD images

The results obtained in the present paper with the SD method
re intriguing, as they add new information about the volcano
tructure at small scale. Moreover, SD method allowed to obtain
P-wave attenuation structure (in the band centered at 18 Hz) to
e compared with that obtained for S-waves.

Under the cone the images obtained at 18 Hz respectively with
N and SD method for S-waves are similar, showing clearly the same
ependency of �Q−1 with depth (Fig. 5, panel b and c). In general
he CN images appear much more smoothed than the SD ones. In
he HRR most of the attenuation contrasts follow the same pattern,
eing sometimes different in value.

The sole significant differences between CN and SD images can
e observed between the depths of 1000 and 2000 m in the N–E
f Mt. Somma). In this volume (Fig. 5 panels b and c) the interface
etween carbonate basement and the overlying volcano materials,

s not clearly defined in the SD image. On the other hand, this inter-
ace is clearly evidenced by SD method applied to P-waves, and very
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ig. 4. Synthetic anomaly test. The input structures (panel a) are included in a volu
f the anomalies. Black areas are not resolved in the inversion. Colorscales refer to t
roken lines include the cells where the checkerboard structure is effectively reprod

ell defined by the velocity tomography (Scarpa et al., 2002; Zollo
t al., 2002).

The discrepancy above discussed may be due to the presence of
non-uniform scattering wave field Wegler (2003) that may pro-
uce a bias in the normalization of S-spectrum with coda spectrum.
espite this problem, the independence of CN of site transfer func-

ion makes CN approach particularly suitable for the application to
olcanic areas, where site effects may severely affect the spectrum
f S-radiation emitted by the VT earthquakes.

.3. Joint interpretation of velocity and attenuation images

.3.1. General pattern
We first analyzed the velocity images, isolating the volumes

haracterized by strong laterally and/or in depth contrasts, velocity
nversions, variations from the average VP/VS . Then, we associated
hem with the corresponding volumes in all the other available
mages. Comparing VP with Q−1

P and VS with Q−1
S images (Fig. 6,

ll panels) we observe that in general high VP zones correspond
o low Q−1 volumes and that high VS zones correspond to low Q−1
P S
olumes; the unique evident exception is the volume located under
he central cone,confined in the depth range between −1000 and
2000 m, where the pattern is characterized by a low VS and VP cor-

esponding to high variation in attenuation (Q−1
S and Q−1

P strongly
ncrease with depth).

l
p

e
f

aracterized by uniform attenuation. The output (panel b) show the reconstruction
riations respect to the mean inverse quality factor. The zones marked by the white
.

.3.2. The shallower structures
In average, the attenuation of the S- and P-waves increases

oward North and East in all the images for the volumes above the
ea level (Fig. 6, panels a and c); interestingly, the S–N section of
he Q−1

S image (panel a) shows a low attenuation inclusion (green
urrounded by orange, not included in the HRR) of the order of
900 m block, corresponding with the structure of Mt. Somma.

his mountain surrounds the central cone in the North and East
uadrants (Fig. 1, down left) and is characterized by higher rigidity
lder age lavas.

In the HRR (marked with a broken white line in Fig. 2, panel b),
elocity and attenuation images clearly evidence the presence of
contrast between the volcanic structure and the volume under-
eath at 0 m; this contrast marks the first interaction between the
ecent products of the volcano activity and the older higher rigidity
aterials.
In Fig. 7 (Z = −500 m) it is evident that a low attenuation zone

roughly surrounded by the rectangle 1) is strongly correlated with
n high VS and Vp zone in the same position. This area is located
nside the HRR (see Fig. 3, panel a) and may represent the residual

ava emitted during the last eruptions, completely solidified in the
resent time.

In the same slice (Fig. 7, Z = −500) we observe that the west-
rn part is characterized by low Q−1

S , high Q−1
P and low VP/VS . This

eatures, in particular the opposite pattern of Q−1
S and Q−1

P , may
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ig. 5. Results of the attenuation tomography inversion, in the frequency band cent
btained at 18 Hz for the SD method (panel c). W–E and S–N sections are those mar
efer to the variations respect to the mean inverse quality factor. The zones marked b
eproduced.

e compatible with the presence of a CO2 reservoir (Hansen
t al., 2004). This interpretation is corroborated by the pres-
nce of the above discussed low attenuating body in the central
art of the figure. As reported by Hansen et al. (2004), when
he magma rises, the decrease in confining pressure causes the

agma to decompress and the biggest part of CO2exsolves; how-
ver, when the magma cools, a modest amount of CO2 can be
efinitely trapped in the rock matrix, and could explain the
bserved low VP and low VP/VS anomalies. This interpretation

s confirmed by the laboratory experiments of (Ito et al., 1979;
pencer, 1979; Sengupta and Rendleman, 1989). Summarizing the
esults from these papers, at pressure below the saturation pres-
ure (as should be at a depth of −500 m), the presence of gas
an lead to a decrease in VS and VP , an increase of Q−1

S , and

i
t
c
t

t 12 Hz (panel a), and 18 Hz (panel b) for the CN method, compared with the results
Fig. 1(downright panel). Black areas are not resolved in the inversion. Colorscales

white broken lines include the cells where the checkerboard structure is effectively

n anomalous decrease of Q−1
P , the same results obtained in our

ork.
The presence of melt or partially melt rocks would lead to a low

P , a low VS , high VP/VS ratio, high Q−1
P and high Q−1

S . In the depth
ange around −500 m there is consequently no evidence supporting
he presence of patches of magma with dimensions larger than cell
ize.

.3.3. The intermediate structure

In the slices of Fig. 7 (Z = −1000) a zone of strong lateral contrast

s evident in both the VP and VS images [the zone surrounded by
he white line marked by number 2]. In this same zone there is no
orrespondence of the increasing velocity with decreasing attenua-
ion, as already discussed in the “General pattern” section. The low
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Fig. 6. The W–E and S–N sections represent the attenuation structure inferred for S-waves (CN method), in the frequency band centered at 18 Hz (panel a), and the S-velocity
s P /VS

1 nd d.
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tructures inferred by Scarpa et al. (2002) (panel b). The dashed line represents the V
8 Hz) and velocity (inferred by Scarpa et al., 2002) are also represented in panels c a
uality factor obtained in the inversions for S- and P-waves. The colorscales in pane
he inversion. The zones marked by the white broken lines include the cells where t

ttenuation area marked by the white rectangle 1 in Fig. 7 (Z =
1000m) corresponds instead to an high velocity area. This area

s a section of the anomalously high-velocity volume (Fig. 6, pan-
ls b and d) which seems to intrude from depth, in agreement
ith the interpretation reported in several velocity tomography

tudies (Zollo et al., 2002; Tondi and De Franco, 2003; De Natale
t al., 2005, SCA02), and interpreted as related to the residual
art of solidified lava from the last eruption. This high attenua-

ion and velocity area is linked to the area marked by line 1 in
ig. 7, Z = −500 m.

To refine the interpretation in the depth range around −1000 m,
specially for the area marked by rectangle 2 in Fig. 7, we focus
he attention on the W–E and S–N sections in Fig. 6[all panels]. The

i
o
h
o
g

pattern with depth and is drawn on all panels. The P-wave attenuation (SD method,
The colorscales in panels a and c refer to the variations respect to the mean inverse
nd d represent the absolute S- and P-wave velocity. Black areas are not resolved in
eckerboard structure is effectively reproduced.

one corresponding in depth with the maximum value of the VP/VS

atio roughly corresponds to the interface between high attenua-
ion and low attenuation. This interface is also characterized by low
P and low VS . All these observations may be interpreted as due to
he presence of a fractured medium permeated by fluids, as dis-
ussed in Hansen et al. (2004) and Eberhart-Phillips et al. (2005).
his interpretation should exclude the presence of a shallow patch
f magma in this depth range, in the limit of our spatial resolution:

n fact, our attenuation images do not show any particular evidence
f melt, that, if present, should have produced both high Q−1

P and
igh Q−1

S . This results are in agreement with previous interpretation
f the velocity tomography done by SCA02, and also corroborated by
eochemical studies, that recognized the location of an hot aquifer
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Fig. 7. Five horizontal slices of the volume containing the HRR at different depths (Z). The colorscales for S- (first column) and P-wave (third column) attenuation images
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r city ca
z es ma
i

u
a
T
Z
V

epresent the variations from the mean inverse quality factor calculated on each hor
espectively represent the variations of S- and P-wave velocity from the average velo
ones characterized by important properties, widely discussed in the text. The zon
s effectively reproduced.
nder the cone located and modeled just in the same position, until
depth of −2200 m (Marianelli et al., 1999; Chiodini et al., 2001).
he properties observed at Z = −1000 m can be observed also at
= −2000 m (see Fig. 7). In particular a secondary maximum in

P/VS ratio can be observed at −2000 m. The vertical sections of

Q
a
b
fi
e

l slice at each depth. The colorscales represented in the second and fourth columns
lculated at each depth. On each image we marked with numbered white rectangles

rked by the white broken lines include the cells where the checkerboard structure
−1
p and Q−1

s (Fig. 6 panels a and c) indicate the presence of lower
ttenuation zones around −2000 m included in a low attenuation
ody. This pattern can be interpreted as an highly cracked medium
lled by fluids, as also evidenced by geochemical studies (Chiodini
t al., 2001).
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.3.4. The deepest structure
The VP , VS and VP/VS patterns between −2500 and −4000
(Fig. 6, panels b and d) are more regular. The Z = −2700 and

= −3500 slices of Fig. 7 help in better understanding the veloc-
ty and attenuation features. The pattern of Q−1

P and Q−1
S results

imilar at Z = −2700 (Fig. 7), both in the HRR and in the LRR
see Fig. 3 at the same depths). Focusing our attention on the
entral part of the attenuation images (rectangle 3), we observe
igh contrast in both Q−1

S and Q−1
P , not perfectly matching the

ontrast in both VP and VS . Looking at the resolution map on
his slice (Fig. 3, Z = −2700 m) this is not due to the lack of
nformation achievable at the maximum resolution, but more
robably to the lack of resolution at the intermediate resolution
900 m).

At Z = −3500 m, the decreasing attenuation corresponds to the
ncreasing velocity outside rectangle 4, for both P and S waves. A low
elocity and attenuation zone corresponding to the South-East sec-
or of Fig. 7 at Z = −3500 m is clearly visible, and marked with the
ectangle 4. In this region the low VP/VS ratio excludes the presence
f partially melt rocks or fluid inclusions, suggesting on the contrary
he presence of a cracked volume. This zone is spatially coincident
ith the zone of maximum seismic energy release, as shown in

ig. 1(upper-left and upper-right panels, the grey ellipsoidal line
arked by number 3).

. Conclusions

The present paper complements a previous preliminary study
f the same area, which was carried out in a smaller volume
espect to that used in the present study. The present paper uses

multi-resolution approach, which solves a 300 m cell size in
he volume beneath the central crater located in the depth range
etween approximately 0 (the sea level) and −3500 m. The new
tudy is based on an improved data set respect to the first one
the waveforms are more than doubled), improving both stability
nd robustness. The improved resolution allowed a better defini-
ion of the 3-D pattern of both Q−1

P and Q−1
S , thus improving the

oint interpretation of previous velocity images with the present
ttenuation structure. The essential results show that no magma
atches with dimensions larger than the cell size are visible in the

mages and confirm the presence of shallow hydrothermal reser-
oirs (between −700 and −2300 m) evidenced by geochemical
tudies. The high resolution achievable between 0 and −1500 m
llowed a small scale imaging of the residual solidified lava emit-
ed during the last eruptions, leading to the interpretation in terms
f large patches of gas located in the first kilometer below sea
evel. Interestingly, the zone of maximum seismic energy release,
maged for the first time at a resolution of 900 m, coincides with
high attenuation and low velocity anomaly, easily interpretable

s due to the presence of a cracked zone inside the limestone
ayer. These results are expected to add important constraints
or the numerical models that will be adopted to simulate the
ext eruption, and consequently to be used for civil defense pur-
oses.
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ppendix A

.1. Coda normalization method

As well known, the S-wave seismic energy density spectrum
ecays as a function of lapse-time as

ij(f, r) = Si(f )�ij(ϑ, 	)Ij(f )Tj(f )
1

r2
ij

exp

(
−2�f

tij(r)

Q ij
T (r)

)
(16)

here E(f, r) is the energy density spectrum of the S-wave radia-
ion emitted by the source i at total distance r measured along the
ay-path connecting source (i) and station (j); f is the frequency.
i(f ) is the energy spectrum at source, modulated by the radiation
attern function �(ϑ, 	). Ij is the instrument transfer function and
j is the site transfer function. tij is the travel time along the ray

hose length is rij and Q ij
T is the total quality factor measured along

he ray-path.
The coda energy spectrum evaluated around a given lapse time,

c , can be considered as a function of the “average” medium prop-
rties and expressed as in Sato and Fehler (1998):

C (f, t) = Si(f )Ij(f )Tj(f )P(f, tc) (17)

here P(f, tc), is independent on both source-receiver distance and
irectional azimuth and depends only by the earth medium. The
adiation pattern term �ij(ϑ, 	) disappears due to the well known
roperty of natural space averaging of coda waves (Aki, 1980). For
ake of simplicity, we assume the validity of the single scattering
odel, but in principle equation (17) is independent of any scat-

ering model. Dividing Eq. (16) for Eq. (17) for each source-station
air, at lapse time tc , we obtain

Eij(f, r)

EC (f, t)
r2
ij = �ij(ϑ, 	)

P(f, tc)
exp

[
−2�f

∫
rij

dl

v(l)Q ij
T (l)

]
(18)

he spectral ratio at the left side of formula (18) is independent of
nergy level at source, site and instrument transfer function. In Eq.
18) the attenuation operator has been substituted with the path
ntegral along the seismic ray, where v(l) is the velocity along the
ath l. �ij(ϑ, 	) in principle depends on source azimuth 	 and inci-
ence angle ϑ. For a complete review of the method see Del Pezzo
t al. (2006b). In Appendix B we test the independence of the spec-
ral ratio of formula (18) of radiation pattern for ratios evaluated on
ignal time windows longer than 2.5 s. In this case �ij(ϑ, 	) can be
et equal to unity.

ppendix B

.1. Test for the independence of radiation pattern

Using the properties of the early-coda, Gusev and Abubakirov
1999) developed an empirical method to test the independence of
-wave spectra from radiation-pattern, when the spectrum is esti-
ated in a time window of duration much greater than the source

uration. We make a similar test for the spectral ratio between S
nd coda energy spectra calculated for the earthquakes of Mt. Vesu-
ius. We consider for each ray connecting the source to the receiver,
he quantity:

= LR
(19)
M

here L is the ray length, R is the spectral ratio between energies
f formula (18) and M = exp(−�fr/VQmean), with V indicating the
verage S-wave velocity, is the average anelastic attenuation in the
rea. A is implicitly dependent only on the radiation pattern, R being
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Fig. B1. The percent standard deviation, �/
, as a function of the window dura-
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ion for an earthquake recorded at all the stations. �/
 is obtained calculating the
verage, 
 (over stations), of the log of spectral ratio between direct S radiation and
oda radiation, after correcting the amplitudes for geometrical spreading and for
he average Q. Downward arrow indicates the change-point as discussed in the text.

ndependent of site and instrument effects. The percent standard
eviation (�A/〈A〉) calculated averaging A over the stations for a
ingle earthquake, is plotted for different time window durations
n Fig. B1; this quantity abruptly decreases with increasing duration
f the time window, as expected. We applied a statistical test (the
change point” test of Mulargia and Tinti, 1985) to estimate the
change point” of the pattern of A respect to the duration of the time
indow in which is calculated. The pattern results to be steady after

.5 s at 99% confidence. Consequently, the radiation-pattern effects
ecome negligible for time windows with a duration greater than
.5 s. We interpret this result as due to the natural processes of
veraging the radiation pattern effects that takes place in a ray-
ube centered along the ray-path. The forward scattered radiation
hat arrives at the receiver soon after the ballistic (direct) arrival is
ontained inside this ray-tube (Gusev and Abubakirov, 1999). For
he above reasons we assume that �ij(ϑ, 	) of Eq. 18 is identically
qual to unity.

ppendix C

In this Appendix we explain the details relative to the points
isted between 2 and 5 in Section 5.

.1. Point 2: estimate of the average inverse quality factor (AQF)

S-waves AQF is calculated using the coda normalization method
pplied to the whole data-set; the Eq. (2) becomes

C
k = 1

2�f
ln
(

1
P(f, tc)

)
−

N cells∑
b=1

lkbsb[Q−1
T ]

C
(20)

We obtained the inverse AQF for S waves (Q−1
T ):

(Q−1
T )

12 = 0.010 ± 0.003

(Q−1
T )

18 = 0.019 ± 0.003

here the above index is referred to the center frequency.

Uncertainty is estimated assuming that each spectrum is

ffected by a 10% of error due to the noise. This result is in good
greement with previous Q-estimate for S waves in the area (Del
ezzo et al., 2006a).

P-waves AQF has been already calculated by Bianco et al. (1999).

w
(
t
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.2. Point 3: cell dimension of 1800 m

The inversion problem of Eqs. (3) and (12) is solved for a grid of
800 m step. We can rewrite the equation as

˜C,D
k

=
N cells 1800∑

b=1

G1800
kb [(�Q 1800

b )
−1

]
C,D

(21)

here the superscript 1800 stands for the step of the grid, while
he superscript C, D takes into account the different methods used.
he elements of the inversion matrix, G1800

kb
, are the length of the k

h ray segment in the 1800-m side b th block, l1800
kb

, multiplied for
is slowness s1800

b
:

1800
kb = l1800

kb s1800
b (22)

pplying Eq. (14), we consider only blocks crossed by at least nR =
5rays. The problem is solved separately for each frequency band.
e solve the problem using the least squares algorithm “lsqlin”

eployed in MATLAB.
The percentage reduction of the residuals, computed using the

ormula in Gubbins (2004), results to be 65%. The inverse quality
actor of each 1800 m block b is given by

Q 1800
b )

−1 = Q−1
T + (�Q 1800

b )
−1

(23)

.3. Point 4: cell dimension of 900 m

The data vector obtained solving the inversion schemes of Eqs.
4) and (13) can be updated with the solutions obtained in the pre-
ious steps. Each ray crosses a medium whose quality factor is no
ore QT , and is affected by the quality factors of the cube that it

ffectively crosses. The elements of the data vector must repre-
ent the effect of the attenuation structure obtained in the previous
teps. They become respectively:

d̃C
k )

1800 =
〈

1
2�f

ln
(

1
P(f, tc)

)〉
− dC

k − Q−1
T

N cells 900∑
b=1

l900
kb s900

b

−
N cells 900∑

b=1

l900
kb s900

b (�Q−1
b

)
1800,C

(24)

nd

d̃D
k )

1800 =
〈

tk

Qk

〉1800
− dD

k − Q−1
T

N cells 900∑
b=1

l900
kb s900

b

−
N cells 900∑

b=1

l900
kb s900

b (�Q−1
b

)
1800,D

(25)

here (�Q−1
b

)
1800,C

and (�Q−1
b

)
1800,D

are respectively the solutions
btained with the CN method and the SD method for 1800 m side
locks and that where assigned to the N cells 900 blocks of 900 m
ide crossed by the k th ray. In the SD method the constant value
(tk/Qk)〉1800 has also been updated with the informations obtained
n the previous step. The inversion problem becomes, for a resolu-
ion of 900 m:

d̃C,D
k

)
1800 =

N cells 900∑
G900

kb [(�Q 900
b )

−1
]
C,D

(26)
b=1

here the superscript 900 stands for the step of the grid and the
�Q 900

b
)
−1

are the inverse variations respect the inverse quality fac-
or of the 1800 m cube in which they are contained. The elements
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f the inversion matrix, G900
kb

, are the length of the k th ray segment
n the 900-m side b th block l900

kb
multiplied for his slowness s900

b
:

900
kb = l900

kb s900
b (27)

here we consider only blocks crossed by at least nR = 17 rays see
q. (14). The inversion is linear and we can constrain the average of
he (�Q 900

b
)
−1

to be zero. The inverse quality factor of each 900 m
lock b is given by

Q 900
b )

−1 = Q−1
T + (�Q 1800

b )
−1 + (�Q 900

b )
−1

(28)

hile the percentage reduction is 70% in residual.

.4. Point 5: cell dimension of 300 m

The last step is achieved upgrading the data vectors writing the
ollowing two formulas:

d̃C
k )

900 =
〈

1
2�f

ln
(

1
P(f, tc)

)〉
− dC

k − Q−1
T

N cells 300∑
b=1

lkbsb

−
N cells 300∑

b=1

lkbsb(�Q−1
b

)
1800,C −

N cells 300∑
b=1

lkbsb(�Q−1
b

)
900,C

(29)

nd

d̃D
k )

900 =
〈

tk

Qk

〉900
− dD

k − Q−1
T

N cells 300∑
b=1

lkbsb

−
N cells 300∑

b=1

lkbsb(�Q−1
b

)
1800,D −

N cells 300∑
b=1

lkbsb(�Q−1
b

)
900,D

(30)

here (�Q−1
b

)
900,C

and (�Q−1
b

)
900,D

are the solutions obtained in
he previous steps that were assigned to a number of N cells 300
locks of 300 m side, crossed by the k th ray. As before, the constant
alue 〈(tk/Qk)〉900 has been updated with the informations obtained
n the previous steps. The inversion problem becomes

d̃C,D
k

)
900 =

N cells 300∑
b=1

G300
kb [(�Q 300

b )
−1

]
C,D

(31)

here the superscript 300 stands for the grid step, and the elements
f the inversion matrix, G300

kb
, are given by the length of the k th ray

egment in the b th block, l300
kb

, multiplied for his slowness s300
b

:

300
kb = l300

kb s300
b (32)

pplying Eq. (14), we consider only blocks crossed by at least
R = 5rays. The percentage reduction in residual is 94%. The inverse
uality factor of each 300 m block b is given by

Q 300
b )

−1 = Q−1
T + (�Q 1800

b )
−1 + (�Q 900

b )
−1 + (�Q 300

b )
−1

(33)
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